New features of the Banach function space L p w (ν), that is, the space of all ν-scalarly pth power integrable functions (with 1 p < ∞ and ν any vector measure), are presented. The Fatou property plays an essential role and leads to a new representation theorem for a large class of abstract p-convex Banach lattices. In this note we prove the corresponding result for abstract p-convex Banach lattices with the σ -Fatou property and having a weak unit (belonging to the order continuous part of the lattice). Namely, they are all Banach lattice isomorphic to spaces of the form L p
Let (Ω, Σ) be a measurable space, X be a Banach space with dual space X * , and B X * := {x * ∈ X * : x * 1}. Let ν : Σ → X be a σ -additive vector measure. For x * ∈ X * , x * ν is the R-valued measure Σ A → x * , ν(A) , and |x * ν| denotes its variation measure. A set A ∈ Σ is ν-null if |x * ν|(A) = 0, for every x * ∈ X * .
A measurable function f : Ω → R is integrable with respect to ν if (i) f is x * ν-integrable, for every x * ∈ X * , and (ii) for every A ∈ Σ there exists A f dν ∈ X such that x * , A f dν = A f dx * ν, for every x * ∈ X * .
The space L 1 (ν) of all ν-integrable functions (identifying functions which are equal ν-a.e.) is a Banach space for the norm
It is a lattice for the ν-a.e. order, with order continuous (briefly, o.c.-) norm (i.e., increasing, order bounded sequences are norm convergent) [2] . Simple functions are dense in L 1 (ν). Functions satisfying property (i) of the previous definition are said to be ν-scalarly integrable and L 1 w (ν) denotes the space consisting of all such functions. The norm (1) is necessarily finite for these functions and makes L 1 w (ν) a Banach lattice for the ν-a.e. order [16] .
Equipped with the norm
it is an order continuous Banach lattice with the simple functions being dense [15] . The space L p w (ν) is the set of all functions f :
It is a Banach lattice for the norm (2); see [5, 15] .
All spaces L p (ν) and L p w (ν), for 1 p < ∞, are ideals of measurable functions and have a weak unit. Moreover, they are all Banach function spaces (briefly, B.f.s.) with respect to the measure space (Ω, Σ, μ), where μ is any finite measure of the form μ = |x * 0 ν| such that μ and ν have the same null sets. Let (Ω, Σ, μ) be a σ -finite measure space, M be the space of all μ-measurable functions on Ω (functions equal μ-a.e. are identified), and M + be the cone of those elements of M which are non-negative μ-a.e. A function norm is a map ρ :
The function space L ρ is the set of all f ∈ M satisfying ρ(|f |) < ∞; it is a linear space in which ρ is a norm. We will assume that L ρ is complete. Moreover, L ρ is always a (super) Dedekind complete Banach lattice for the μ-a.e. order and an ideal of measurable functions.
is generated by the function norm
with f p defined as in (2) . The space L p w (ν) is generated by the function norm
For general facts on integration with respect to vector measures, see [1, 6, 7] ; on Banach function spaces, see [9] [10] [11] [12] [13] and [17, Chapter 15] ; and on vector measures, see [4] .
Recall that ρ has the Fatou property if 0 [17] . For p = 1, the following result occurs in [3] . Let L ρ be a B.f.s. The associate space L ρ of L ρ is generated by the function norm ρ (g) := sup{ |fg| dμ: ρ(f ) 1, f ∈ M + }. Applying the same procedure to L ρ , we obtain the second associate space L ρ . For p = 1, the following result was established in [3] .
Proposition 2. Let 1 p < ∞ and ν be any vector measure. The second associate space
L p (ν) = L p w (ν).
Proof. Consider the associated Lorentz function norm of
Given f 0, let h n be simple functions with 0 For p = 1, the first four equivalences of the following result are due to Stefansson [16] , and (iv) ⇔ (v) ⇔ (vi) was established in [3] . For p > 1, the equivalences (i) [5] . 
We now prove the result stated at the beginning of this note. A Banach lattice E has the σ -Fatou property if for every increasing sequence {x n } ⊆ E + which is norm bounded, the element x := sup x n exists in E and x n ↑ x . The norm in E is σ -order continuous if x n ↓ 0 whenever the sequence {x n } decreases to zero in E. These two properties together imply that the norm is order continuous (i.e. x τ ↓ 0 whenever the net {x τ } decreases to zero in E) which is equivalent to all increasing, order bounded sequences being norm convergent in E [18] . Let E a = x ∈ E: |x| u n ↓ 0 implies u n ↓ 0 denote the space of all elements of E which have σ -o.c.-norm. It is the largest closed ideal in E to which the restriction of the norm in E is σ -o.c. [18] .
Recall that a Banach lattice is p-convex, for 1 p < ∞, if there exists a constant M > 0 such that for every choice of x 1 , . . . , x n ∈ E we have
Since ideals are sublattices, it follows that E a is p-convex whenever E is p-convex [8, p. 51] . For E = L p w (ν), we know that E is p-convex, has the σ -Fatou property, E a = L p (ν) and χ Ω is a weak unit for E which belongs to E a . These properties of L p w (ν) characterize a large class of abstract Banach lattices. Proof. Since E a is p-convex, has o.c.-norm and the weak unit of E, which belongs to E a , is also a weak unit of E a , there exists a vector measure ν such that E a is order isomorphic to L p (ν) [5] .
We now extend this order isomorphism T : E a → L p (ν) to all of E. Let u ∈ E + a be a weak unit of E. Given x ∈ E + , let x n = x ∧ (nu) for n ∈ N. Since E has the σ -Fatou property, x = sup x n and x = sup x n . For each n ∈ N, we have x n ∈ E a as E a is an ideal. The sequence f n := T x n ∈ L p (ν) + is increasing in L p (ν) since (x n ) is increasing and T is an order isomorphism. As T is continuous and (x n ) is norm bounded in E a , so is (f n ) in L p (ν). Due to the Fatou property of L p w (ν), we can define the extended operator (which we also label as T ) by T x := sup f n ∈ L p w (ν). Let us show that the extended T is additive on E + . Let x, y ∈ E + and z := x + y. Set x n = x ∧ (nu), y n = y ∧ (nu), and z n = z ∧ (nu). Then, z n = (x + y) ∧ (nu) x ∧ (nu) + y ∧ (nu) = x n + y n
